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CHAPTER - LAPLACE TRANSE
10.1  INTRODUCTION

: Laplace transforms help in solving the differential equations with bnundary valuee o8
_ finding the general solution and the values of the arbitrary constants. = Wilhgy

10.2 LAPLACE TRANSFORM

Definition. Let /() be function defined for all positive values of 1, then
F()= e s ()

provided the integral exists, is called the Laplace Transform of / (¢). It is denoted ag

[ a0 ferron

10.3 IMPORTANT FORMULAE

T

() LS (1) = F (s) i
1. i I u
B
2 { -]_
&
3. i n ol
;ET' when n=0, 1, 2, 3..|

N
i




sransfor™ o | o 315
L!FWB | i .
" 1 s
N U
- e |
_ | vetdi=| —
proof. L1 o L - '
'I 1 x l s
SLe Jo A ) i ‘.
|
Hence L(D = 7 " Proved.
|
9, [L(t)= 53
P -t
5 e e
) N = EI‘E d!= ! -
Proof. L{» . (S—H)z
= 0-—{}+0+-L— .
= 7|77 Proved.
i
3 F[,(;'):ij‘:l where n and s are positive.
Proof. L(/") = L e " 1"di
Putting st =x  or (=2 or di= Ex_
s 5
n
Thus, we have L(7) = j ® P (f_] _d.f.
0 s/ s
:& oo
L(7") = - | I I ¢ . x" dy
S.ﬂ-l- 0
a I——' ]
L(;") = r'::ll
§
a0
- ' [n+1= I e " x" dx
AT 0
| L( )--s,ﬁ,,,l | _ Proved.
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ol _{ wa) 17 | g | L (sinh ar)
_ P (-xa) — I e Qi) ) T O 1 .
= -L. € i .r.df " e (5 H) S—a E{t-.”], ] .
Proved. |

) (s- a)(OHl)=;%;

9. | L(coshar)

=

Proof.

a
L{sinat)= :
( - s’ +a’ ,
) i Ei’ﬂl _ E—Jml = ~ Eﬂ o -H .
Proof. L (sinat) =L -y v sinat = T ;
: | i

I I =\ | | ] -ial - Exﬂm le 1 ]
o Lufe o)=L 1(e)- )] e 1. £
l[ ] _ ] ] s+ia—-s+ia .
= 2ils-ia s+ia 2: s +a°
- I 2ia  a a
ol T I R Proved. Solutiop, L(f
; s .
7. l;(cnsm'}= TR : : ] ]
s +a -|
o
& & E—ml _ o cosal = 2 '
Proof. L(cosat) = L 5 | - -

- lZ[L(Efﬂf + E- et )] - l[L(E"ﬂ ) + L{E- jut )]
. Mple 2, £y

1[ ] 1'] | s+ia+5—ia
—_—— + - _________...--

2|s-ia s+ial 2 s° +a [ S
: Fr’iJ “l"tiﬂn‘ ThE g
5
= L
52 4 g [f(t)] =
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Il

_;_[L(em}_ue-m)=l[ 1 ]zj[wa-na]

2 S—a S+u 2 52 --az
a.
=3 3
S _a [
Proved.
s
9. ‘ L(msh ﬂr) = " -
J 1 - (I ] Eﬂf + E-m
Prool. L(':ﬂﬁhﬂf) = L E :E [-'. ﬂﬂﬂhﬂf=—2——]
= iL(Em)+lL(e-m)
3 > |
o= _1. _1_+ 1 ] [L(Eﬂj - l ]
2|s-a s+a s—a
I[s+a+s—-a s
=35l 2_2 |~ Proved.
2l #*=d ] PL
E“\ﬂy l. Find the Laplace transform of f{t) defined as
—If; when 0<t <k
f(t)=1k M
1, when >k
, ; ] )
x ;M k —M -5t
Solution, 7 [y = —E'"d.'+J l.e "d!=-|- [IL-] —-j LA f——]
0 ¢ k -3 0 —5% -
‘ L 0 g k
1| ke™ (e | et [kt et 1] e :
e e R e A
kt e 5 0 | 5 g _
E-,'l'-r( IE-‘.‘.‘I l 1 E-k'l.' ] B
S i p = —— = —[ € +1] | Ak
5 A‘ 52 k 52 3 -

Ellml | ‘ (-1, I<r<2
Ple 2. Find the Laplace transform of the function /(1) = 3.1 2<1<3
o0 S“lut - (U.R, Il Semester, 2009)
lou, The given function is periodic with period 3. |

Vo1« [ roera - [[roetas Lroetal

e
_,_.-—-"""‘- e ,// }—/ W e

| ]
o L T e e o e e —
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: 3 «.,I
- - X! i
2 -5t J' 3-t)e " df:l |
= -[1 (t-De Vd+ 2( ) 3
:r { a 12 oM o L
E - -_— . :
e, £ \  i3-nN—+ 3
’ ¢ -1 s 2 -5  (=3) - |
* 1 ) (— ‘F) J 1 L _ 2 :
: r 3 ¢ i —35 -2x5 E_ZH |
E—Zs e-..I e e . E___ € |
= | =SB
| - s 52 g S EE
- _2. -2,
E—-z.'i' E—ZJ E—s 3-35 e 25 B e Y
m [l Y T B r
) ,5'2 ) S ) S _
i l 25 5 -35 ~ 25 i _I_.[E»“‘ e 73'2"‘ + 3“3"] |
= —2(— e +e  +€ — € ) - 2 i AH, |
)

, 0=<t<] E
f, 150<2 (Q. Bank Up gy

Example 3. Find the Laplace rr&n.gf‘urn: of F(1) = 1
“ | !{ 25t<® r

I, 0=r<l
Solution. Here, we have F(r)= 1/, 151<2
I% 22t <w

LIF(D] = _‘-me'” - F(n)dr = _['e"“d; + _[2! e dt + J.mtze " dt

0 0 | 2
| 2 o
e e s oS - st st
=[_] 4{,____32 HO—| - [Cu-"—d
=35 Jo =5 5 ) =8 s 2 -5

— LY Y $ r
l 2 . E—J e—z.i 2 i — 5 0o _ 5t i I
5 ) g s — ? _ 5 ]
“x 2 A :
] 2 -3 -23 ] _ @ | .
=;+_E“ZT+L_EZ +_2. —z-e 95 1(3 H"W
5 Ly - -
S h) ‘S s\ -5 2
I 2 e’ Y
= _+_""E"2I+——-_. _§_ -2s 2 iy, ;
E le 4. Find 5 5 5.2 +32 € +';§-E '
xample 4. Find th
p ELHP!HCE frﬂﬂsfﬂrm ﬂf I
IE ;
* 0'(!{2 . }m-‘"
; U. ; e ’
o 1>3 ( ;

0

S I ti ’ = . =3 m
olution L[f(;)] L e ’f(r)d;-_— IZTEE"”dH r(f*l)e'”dﬁj ‘?e'ﬂd" I
s 2 3 - ,-

| Hﬂjllﬂ'
[I!!f:!]flﬂlrilll+! -

,__,.--""

P ] T e e L
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S0 4 a4 2
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2 H»! 3 3 2
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§ A

¥

R
L 3 )
—xl -5/ -y "
] *[("‘”[(..5)]" o7 ‘”[‘
0 (=s)" ), L]
n ~ i
2 E-l‘; =3 Iy =
R € e e
J+ 3 +| 2| — Bk +
Jd L =98 5” s
-2 i1 =T 1s 7
Tem— e e T
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1. 5 2 1 7
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Bample S. Find the Laplace transform of (1 + sin 21).

Solution. Laplace transform of (1 + sin 21

Y : — ,~ M " o™
= L ¢ (1+51n Zf)dr = L ¢ (I+ = }dt
l @ ] —EI‘E-'“ e(-.-.-+z;;r
e . =Af (24 20)s _ ==y Pl | +
3y e e B
- =-'-h(0+3_’-' L (o-1)-——(0-1)
I 2 | S ) —s+2i —5—2i )
o2 l 12, 4 J_1,_2
Tl ——- = e B 2
Ny HLs s-2i s+2i] 2|s s2+4] 5 5 +4
IﬁMethud
| Wy o 1 2
hpﬂﬂ s""2")=L(l)+ L sin 21 = "S'+ 74
\ "ERTIES OF LAPLACE TRANSFORM
4

"%r

L (1) b, (1)) = @ LLA ()] b LU (1)
)b (= [ e iar () +8R ()

= A+ AL
—al [ﬂ(f)]+b L[fz(f)]

(=x=2ip |

Ans.
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—(55=1) Ans.
>

Ans,

Proved.
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4]
-L ]
¥ T .
L
t.-l ,

2 o 3 3 2 n S | 2 eih A
= -—t¢ " R o ot ’ S S — 2 "E——'* ':
[ s ] ¢ [3‘ PE3 i (2+33+3s )+ 2 (55-1) Ans.

Example 5. Find the Laplace transform of (1 + sin 2).

Solution. Laplace transform of (1 + sin 2r)

Y ol o, EEH_E-EM
= I e (l+51n2r)df=J e V14 (!

0 0 2f =
. Y (=542 =x=2 i
_ -!TI [2;&’_” 4 H[-.'Hr 21]1 _'e[—.l-:f_]f ]Iff = I‘ 2!‘&' i e N _ E'{ AU
2i J0 24 =3 ~5+2i —-5=2i
) [(. 2 1 1
= — | 04— =)= -
2i _( S]+—s+2i(ﬂ ) —‘5—31(0 I)]
= ..l_. 3£+ ] — ! "'-!- 2-|' 2 - l+ :
Al 2ils s-2i s+2i] 2ls 5?44 Y Ans.
lernage Method
, l 2
. L0 +sin2y =1 (1y4 Lsin2r= — 45— D5
4p '
HOPEHTIES OF LAPLACE TRANSFORM
10, |
4 (1) Liaf, (1')+£’1f2 (I)] = ( L[f, (f)] +b L/, (’)]
P 7
P U ()b (= [ IR () + b (1) an |
=aL e""‘f,(r)deL e (1) di
04 =a L{A(1)]+b L1A (1)) rroved,
) Chinge of Scale Property
If L
U{')] = F (5) then Lb{f(ﬂr)] =‘1‘F['E‘]
ﬂ | |

_..
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¥ f(at)d! E
Proof. L{'f(ﬂ'f)}_= J:E f(al) |
—(-’-]“ du [Put at =y di |
B Nl =dr =
_ a L e\ [ p ﬂ]
. = | = A3)
=1 1% (“}f(u)dr: =l E S(¢)dt |
| g <0
]
N =lL 1} =—F(S) [Put =1
TS a= L0 - =1,
| 5 | ;"
Example 6. If L(sins)= 11 l find L (sin 51).
5+
Solution. L(sins) =
3% +1 !
: N s
L (sin 51) gy EH T (s should be replaced by ;) An .
4 :
_ 40+5s |
Example 7. If L{f (1)} = 16541 1enfind L (£ (21)}, :
. _ 40+ 5s
Solution. L{f (1)} —— . i
0+ i)

Exa m‘ple 8. Find the Laplace transform of cos’ !
i / Solution. We know that cos 2t =

|
3 = "
5 +12. |
(o) T
2 p . ' l
}
|
cos’t = -l—[cus 2t ]
5 +1] .

L[E(CGSEI'H)] — —;-[L(cﬂslf)"‘ L(l)]

L (cos? )

)

s ]
= —| - ] A 1 ﬁﬁ
R )
 pvera b v

' 2
Example 9. If L(cos’) = 3 +2 _
3('52 +4)1 Tt (cos’ ap), (U.P, Il Semester. Summer

Solution, We have, L(cos? f) = __fi-_tL
s(s‘ +4)



r—

fransfom™ a

o change of scale property, we have
¥ (¢

r.

& al s ;
= | h2

oo aa) 1| 5% +24°
“al)y =~ ==

% 2 [£)2+4 ¢ 5(53+4a3)

—_— A“St

g I

eaample-10. If L {o(J1)} =

Splution. Here, we have

S

, find L{J,(2VN)}.

o —

E 4,\

L{Jy(N1)} =

5
By change of scale property,

i
e- A(x/4)

| (s/4)

1
L{Jo(an)} = 7+

= L{J,(2JD)} = Lot | | Ans.
: .

|
Example 11. Find the Laplace transform of 1 f e,

[n+1.

.5'”+l

Selution. We know that L (¢") =

TR | ]
Put pp = -—]-.L(r"”) 5l ‘: Jr

- el X0 where Ly Jr Ans.
: y) T T Js s | 2 . .
ample V2, Find the Laplace transform of 2 sin 21 cos 4. -
lution. We have ]

JUW) =2sin21cos 4t
=8N (21 +4¢) + sin (21 —4r)
= sin 61 — sin 2/

LS ()= L (sin 6 1) - L (sin 20)

/ = 6 2 : i Ans,

Exampye sP436 s2+4 ¥
| SDIu“E::' 13, Find the Laplace transform of 4 sin’ 1.
e e have L _ '’ | :
f{l’} =4 SiTI] p e g S -
| L =3 sin ¢ —sin 3¢ = [sin 3= 3 sin r - 4 sin’ t]
f{f)‘:aLsin/)_Lsi“sr :. " B * ,.-. | ‘-
e = --.._3.____ oo 3 . I ; 3 v A“!,

2
‘41 5149
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0—’—-4 Cﬂjh 2t sin 7

Example 14. Find the Laplace transform

Solution. We have

ﬂy +€_2, l:"l" _ E--IJL]
. f(f) =4 cosh 2t sin 41 = 4[ A 2i

(-24 4iM _ E“Z"*”']

- | [E[2+4:Jf L E‘E_'“]’ + ¢
!

2440y _,{—1-41‘]! 2
L [f( )] E[L(.E{!*IH‘“H)_ L(EIZ-;“H)'I' L (E{ ) L(L )] N
N} =- - .
- 1 | 1 ] 1
- _.-——-——-"_"' A _-:— g
= U Toao4 s-2+40 c+2-4i s+2+40_
L ]
- | I ( | 3 1 ] %

4 +8i 4-8i
_ —
- (2+4i) s -(2-4i)

EXERCISE 10.1

Ang,

Find (he Laplace transforms of the following:
i+ F+r Ans. 5+ aEay

]
\}/Sin { CO5 | Ans, -
5~ +4d
105 Jn

I
|
-~
o
"
DT i e e i e R N BN W R R N

T2 S , 7  Bue ) | ' ;
3. 1"""e [-\l':f).f . Dee. 2009) Ans. 16 (5 — 5}”3 :
4 sin* 2 ans, 8 l
(s" + 4)(52 +3 ) :
j{ e cos’ I i Ans., — : + s B :
' 2s+2 252 + 45+ 10 |
6. sin 21 cos 3/ Ans. 2(s? - 5) '
(_,;2 + 1)(32 + 25) :
7. sin21sin 3¢ Ans 12¢
(24 1)(? +25) q
; : i 4
8. cos ar sinh at Ans. l s-a __'-j__,j,,:l-f
- 2 (.y:-—.f.r}zhn2 (5*‘”) -
i 1 i 1 L] L L
9. sinh” s ::;Slnh{— + SIY‘\’GB[’ Ane > 6

“ 3 (s =1)(s° -9)

10. costcos 2 ¢ + .'L(rl— 2
%‘ S't'..-\ v §- Ans, 5(5 +_,5) -
_ (s2 +1)(s” +9)
1l. cosh ar sin ar ..'.‘L’—- * J'I:—&' ﬂ'(.sz ;2(12)
a—&g""' \l !S ' Ans, “——4——2—'
5 A (1 : .- 5 +4a



l}plﬂf:’B ' .
_2n 2n
| cOs 3 ) 3 ' | -2my s
' 12 f(r):ﬂ 0 | : l‘(zn : Ans. ¢ 3 '+l
¢ | s

1 » EJ(ISTENCE THEOFIEM
|

” A
pccording to this theorem Iu e™ /(1) di exists if L, ¢™ £(dr can actually be evaluated

and its limit as A — o exists. Otherwise we may use the following theorem:

- . I; s : :
If /(1) is continuous and ;lﬂ & f (‘)] Is finite, then Laplace transform of f(¢) i.e.

Imf—:rf(r)d; exists for s > a.
" .

It should however, be Kept in mind that the above foresaid conditions are sufficient but not
ntcﬂssm}‘-

I ; I
For example; L(:f_?] exists though T; 18 Infinite at 1 = 0. Similarly a function f(¢) for
| .

=l . . . . . . a - :
which !]L"; I:ff f(f)] s finite and having a finite discontinuity will have a Laplace
| tmnsform of 5> a

}F/EST SHIFTING THEOREM.
fL

(0} = F(s), then (MTU, Jan. 2013)
| L1e® ()= F(s—a)

Prool. L[ £(1)) = '["e"”*e”‘f(f)dr=fe‘“"”‘f(r)dt

= J:E"”f(;)d; | where r=s - g

With th = Fr)=F(-a) ‘ Proved.
€ help of this property, we can have the following important results :

| b

I L{e”) = n! ‘ . <
= 2. L (™ sin b1) = 2
T (€ sin b) = (s~ o) 487

D L (¢ cosh ) = §—da
2
{ J’Lﬁ‘p (.'j' H) -'-b
| " “ACE TRANSFORM OF THE DERIVATIVE OF (n
L (r)]"ﬁﬂlf(f)l ~ £(0) where LLAO) = F(s).

-[fr(.f)] - j':' g""f'(f]df



